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Exact solutions of nonlinear evolution equations (NLEEs)in soliton theory and their applications 
are studied. A powerful method is established to search for exact travelling wave solutions of 
NLEEs. We chose the coupled potential KdV equation and modified KdV-type equations presented 
by Foursov to illustrate the approach with the aid of Maple. As a result, eight families of exact 
solutions of the coupled potential KdV equation and nine families of exact solutions of the 
modified KdV-type equations are obtained, which contain new kink-like soliton solutions, kink­
shaped solitons, bell-shaped solitons, periodic solutions, rational solutions and singular solitons. 
The properties of the solutions are shown in figures.
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1. Introduction

As is well known, searching for new exact solu­
tions of new nonlinear evolution equations (NLEEs) 
is an important subject in soliton theory and its appli­
cations since the solitary wave phenomena observed 
by Scott Russell in 1834 [1]. Early in the study of 
soliton theory, the main attention was payed to the 
(l + l)-dimensional cases with few components, such 
as the KdV equation, Burgers equation, Boussinesq 
equation, etc. [1,2]. But nonlinear evolution equations 
of many nonlinear phenomena contain more compo­
nents and dimensions. Many nonlinear soliton equa­
tions in (2+l)-dimensional space, such as the gener­
alized KdV equation and the Nizhnik-Novikov-Vese- 
lov equation were presented [3,4], Multi-component 
nonlinear evolution equations also were found [5].

More recently, by using the generalized symmetry 
method, Foursov [6] had derived eleven previously 
unknown classes of integrable equations. The inte­
grable coupled potential KdV equation

Ut — Uxxx + 3 uuXI — 3 vuxx + 3 u2 + 3 u2ux

— 6 uvux + 3 v 2ux,

v t = vxxx — 3 uvxx + 3vvxx + 3v2 + 3 u2vx

— 6uvvx + 3v1vx. (1)

and the modified KdV-type equations are

Ut = uxxx + 3uuxx — 3 vuxx + 3 u2 — 3 uxvx + 3u2ux

— 24uvux +3 v 2ux — 12 u2vx + 6  uvvx,

Vt = vxxx — 3 uvxx + 3vvxx — 3uxvx + 3v2x + 3 u2vx

+ 6uvux — 12 v 2ux — 24 uvvx + 3 v 2vx. (2)

When v = 0, (1) and (2) become the five-component 
equation

Ut = uxxx + 3 uuxx + 3 u2 + 3 u2ux.

The exact travelling wave solutions of the systems (1) 
and (2) are still unknown. The aim of the present paper 
is to improve the extended tanh-function method [7,8] 
and of our previous method [9 - 11], and to use it for 
exact solutions of (1) and (2) with the aid of Maple. 
That is to say, we solve the Riccati equation with 
a parameter to express solutions of the systems (1) 
and (2).

The extended tanh-function method [7, 8] is as 
follows:
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For a given nonlinear partial differential equation 
(PDE), say in two variables, one has

F(u,ut ,ux,u X X * “  )  =  o. (3)

If we consider a travelling wave solution of the form 
u(x , t) = tt(£), £ = x -  Xt + c, then (3) reduces to an 
ordinary differential equation (ODE). The next step 
is to look for a formal solution

m

w(£) = ^ 2  ciiW1 = ao + a\w + ... + amw m, (4) 
1=0

where w = w (£) satisfies the Riccati equation

d w / d £  = b + w2. (5)

where A, 6, ax{i = 0 ,1 ,..., m) are parameters. The pa­
rameter m  can be determined by balancing the lin­
ear term of highest order with the nonlinear term 
in (3). Substituting (4) into (3) yields a set of al­
gebraic equations of A,b,a,i(i = 0,1, ...,m ) because 
all coefficients of w % have to vanish. From this set of 
equations, A, 6, az(i = 0 ,1 ,..., m)  can be obtained. In 
addition, we know that the general solution of (5) is

w\ — \/^-ötanh(v^—b£),

W2 = —\^-bcoih(\/~-b^), b <  0;

wi = VbtaniVbt,), W2 = — Vbcot(Vb£), b >  0;

w = b = 0. (6)

The solutions obtained by using this method are of 
the form, for example, ao + ai tanh(fc£) + aj tanh2(fc£) 
+.... However a solution in the form asech(k^) of the 
mKdV equation is not obtained by using this method.

Recently we presented a method [9] in which only 
the second step is different from the above method,
i. e., we searched for the solution

m

u(0  = '^2wl~l [Alw + B ly/ni(  1 + n2w2)]+Ao,(7) 
1=1

where w = w(£) satisfies a Riccati equation

Equation (8) has the general solutions

wi = tanh(i?£)> W2 = coth(iü£), ß 2 =

wi = tan(i?0^ w2 = — cot(RQ,  /12 = 1 •

Except for the rational solutions, the solutions ob­
tained by our method contained all other ones ob­
tained by the extended tanh-function method.

To overcome the disadvantage of the two methods, 
we would like to improve the ansatz (4) or (7) as 
follows:

m

w(£) = Y2  wl~ ' [A-iW + Bi\J  1 + sgn(b)w2] 
i=1

n

+ ^0 + ^ 0 ^ ,  (9)
j =0

where A0, A l , B x(i = 1, D3{j = 0 , l ,. . . ,n )a re
parameters to be determined. It is easy to see that 
when B z = Dj  = 0, the ansatz (9) just becomes Fan’s 
ansatz (4). However if B,Dj  4  0, we may obtain 
new solutions that can not be found by using Fan’s 
method [7, 8]. In what follows, we will apply our 
method to the systems (1) and (2), which will show 
that our method is more powerful to obtain more types 
of exact solutions containing soliton solutions.

2. Eight Families of Exact Solutions of System (1)

For the given system (1) we consider travelling 
wave solutions u(x, t ) = w(£), v(x, t ) = t>(£), £ = 
x -  Xt+c. Then system (1) reduces to a set of ordinary 
differential equations

u'" + 3 uu — 3vu" + 3 u'2 + 3 u2u' — 6uvu'

+ 3 v2u' + X v! = 0,

v"' — 3uv" + 3vv' + 3v'2 + 3 u 2v' — 6uvv'

+ 3v2v' + Xv' = 0, (10)

where A is a constant to be determined later and c is 
an arbitrary constant.

We suppose that the system (10) has solutions of 
the form

d w / d  £ = R( 1 + (i2)w2, Hi = ±  1, H2 = db 1. (8) u = *4q + Aiw + v = cio + aiw + di£, (11)
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with w = w(Q  satisfying (5) and where A0, Ai,  D\,  
ao, a i, g?2 are constants to be determined later.

With the aid of Maple, substituting (11) into (10) 
along with (5) and collecting all terms with the 
same power in £lwJ(i = 0 ,1 ,2 ; j  = 0 ,1 ,2 ,3 ,4 ), 
yields a system of equations for £lwj (i = 0 ,1 ,2 \ j  =
0 ,1 ,2 , 3,4). Setting the coefficients of £lwj (i =
0, l,2 ;jf = 0 ,1 ,2 ,3 ,4 ) to zero yields the following 
set of over-determined algebraic polynomials with 
respect the unknowns A, 6, A0, A x, D u ao, a\, and 
d[, namely

6A[+9A2 — 6a\A\+3Ä\  — 6a\Ai\+3a\A\ = 0, (12.1) 

6A\D\  — 6c?i A\ + 6A2D\  — ()A\(A\d\ + a\D\)

+ 6A xa\d\ = 0, (12.2)

6AoA\  — 6aoA[ + 6AoA2 — 6A\(Aoa\ + üqA\)

+ 6aoa\A\  = 0, (12.3)

6AoA\D\  —()Ax(Aod\ +aoD\)+6aod\ A\ = 0, (12.4) 

86 A i + 12 bA\ — 6bayA[ + 6A\D\  + 3AqA\

+ 3A\(A\b  + D\)  — 6AoaoA\ — 6aiA[(bA[ + D\)

+ 3öq^4i + a\(bA\ + D\)  + AAi = 0, (12.5) 

66.i4i.Di — 66^4ic?i + (bA\ + D{)

• (3A\D\+3a\d\  — 6A[d\ — 6cl\D[) = 0 , (12.6)

3D2l A l + 3 d ] A l - 6d {D xA { = 0, (12.7)

&bAoA\ — 6baoA\ + (.A16 + D{)

■ ( 6 A o A y  +6aoaj - 6Aoai - 6a0^ i )  = 0, (12.8) 

{3D} + 3d] -  6d[D\)(bA\ + D {) = 0, (12.9)

(6A0D 1 + 6ao<̂ i — 6Aod[ +a,oD[)

■(bAl + D [) = 0, (12.10)

2b2 Ai + 3(b2A 2{ + D\  + 2bAxD {)

+(bA\ + D i ) ( 3 A l+ a l~ 6aoAo+ A) = 0, (12.11) 

6ai+9a2l —6a[Al +3a] — 6Aia2+3A]ai  = 0, (12.12)

6a\d\ — 6D\A\  + 6a\d\ — 6a i (a \D x + A\d[)

+ 6alA xD x =0,  (12.13)

6aoai — 6Ao a i  +  6aoaf — 6ai(ao-4i +  Aoai)

+ 6A0A i a l =0 ,  (12.14)

6aoa{d\ -  6ai(a0£>i + A0di) + 6AoDxai = 0, (12.15) 

8 ba\ + 126ai — 66Aiai + 6a\d\ + 3üqüi 

+ 3aj(ai6 + d \) — 6aoAoa\ — 6ai A\(ba\ + d \)

+ 3AqQ,\ + A\(ba\ + d\) + Aai = 0, (12.16) 

6ba\d\ — 6ba\D\  + (ba\ + d \)

•{3(i\d\+3A\D\ — 6a\D\  — 6A[d\)  = 0, (12.17) 

3d2xa x+ 3 D ] a x - 6 D la la { =0,  (12.18)

6baoa\ — 6bAoa\ + (axb + d\)

■ (6aoa 1+6A0A 1 — 6aoA\ — 6Aqü 1) =0 , (12.19) 

(3d\ + 3D\  -  6Z V i)(6ai + d{) = 0, (12.20)

(6aoG?i+6Ao-Di—6ao-Di+Aodi)(&ai+c?i) = 0, ( 12.21) 

2b2 a \ + 3 (b2 a2 + d2 + 2ba\d\)

+ (ba\ +d[)(3al + Al  — 6aoAo + ̂ ) = 0, (12.22) 

for which, we have

46
ao = Aq, a\ = A\ =■ —2, A = —46, d\ = D\  = — ,(13) 

ao = A0, a \ =  A\ = - 2 ,  A = 46, d x = D\ = 0, (14)

ao = Ao, ay = A\ = - 2 ,  A = d\ = D x = 0, (15)

a0 = ai = Ai  = 6  = 0, d\ = D x = (16)

ao = a\ = d\ = D\ = 0. Ao ^ 0, A\  = — 1,

A = 6 -  3Al,  (17)

üo — cl\ —  Ao = d\ — D 1 =  0, A\ =  — 2 ,  A =  46. (18)

Thus we obtain the solutions of system (1) from 
(6 -8 ) , (11) and (13-18).
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Fig. 2 b

Fig.3

Case 1: Kink Solitary-like Wave Solution

U\ - v \  = 2 \ / —b tanh \ / —b(x + 4bt + c)

4 b
+ — (x + 4bt + c) + Aoi b <  0. (19)

Figure la  shows a plot of the combined form of the 
kink soliton solution and the plane x -  At = 0 with 
b = — l ,c  = Ao = 0. Figure lb  shows that, when 
the ranges of x and t become greater and greater, the 
solution u i approximates the plane —\{x -  At) = 0. 
The behaviour of v\ is similar.

Fig. 4

Case 2: Singular Solitary-like Wave Solution

u2 = V2 = 2>/—b coth \^-b(x + Abt + c)

Ab
+ — (x + Abt + c) + Ao, b <  0. (20)

Figure 2a is a plot of (20) and shows a singular soliton 
solution b = - 1 ,  c = A0 = 0. Figure 2b shows that, 
when the range of x becomes greater and greater, the 
solution u\ approximates a plane with some holes 
(singular points). The solution develops a singularity 
at a finite point, i. e., for any fixed t = to there always 
exists an x = xq at which the solution blows up.

1.2« +08
x . ; y
«**07



Z. Yan • N ew  Exact Solutions o f the Coupled Potential KdV Equation 813

Fig.5

Case 3: Kink-shaped Solitary Wave Solution

W3 = V3 = 2\/^& tanh \/^-b{x — Abt + c) + Ao, (21) 

b <  0.

Figure 3 shows a kink-shaped soliton solution (21) 
with b = — 1, c = Ao = 0.
Case 4: Singular Solitary Wave Solution

U4 = V4 = 2\f^-b coth \ [ —b{x — Abt + c) + Ao, (22) 

b <  0.

Figure 4 shows a singular soliton solution (22) with 
b = —l , c  = Aq = 0.
Case 5: Periodic-like Wave Solution

u5 = v$ = —2Vb tan Vb(x + Abt + c)

Ab
+ ”2" + c) + Ao, b >  0. (23)

Figure 5 shows a plot of a combination of the periodic 
solution — 2tan(ar + At) and the plane + At) = 0 
with b = 1, c = Ao = 0. It shows that there exist many 
singular points, i. e. that u5 is a singular solution. At 
these singular points the solution blows up.
Case 6: Periodic Wave Solution

U6 = V(, = —2Vb tan Vb(x-Abt+c)+Ao,  b >  0. (24)

Figure 6 shows a plot of the periodic solution (24) 
with singular points.
Case 7: Rational Fraction Solution

2
u-, = v-j = -  + A0, (25)

x

Case 8: Rational Solution

u& = v& = - ^ ( x  -  \ t  + c) + A0, (26)

3. Nine Families of Exact Solutions of System (2)

If we make the transformation

u(x, t) = u(£), v(x, t) = v(£), £ = x — \ t  + c (27)

where A is constant to be determined later and c is an 
arbitrary constant, then system (2) becomes

u'" + 3 uu" — 3 vu" + 3 u'2 — 3 u'v' + 3 u2u'

— 24 uvu' + 3 v 2u' — 12 u2v' + 6 uvv' + A u' = 0,

v'" — 3 uv' + 3vv' — 3 u'v' + 3v '2 + 3 u2v' + 6 uvu1

— 12 v2u' — 2Auvv' + 3v2v' + \v '  = 0. (28) 

If (28) has the form solution

u = Ao + A[W + B 1 \ / \  + sgn (b)w2,

v = ao + a\w + b \ \ / \  + sgn (b)w2, (29)

then w = w(£) is satisfying (5) and Ao, A\,  B u ao, 
a\, b\ are constants to be determined later.

With the aid of Maple, similar to system (1), substi­
tuting (29) into (28) gives rise to a set of equations for 
w \ \ / \  + sgn(b)w2)j (i = 0 ,1 ,2 ,3 , A\j = 0,1). Be­
cause they are linearly independent, the coefficients of 
w \ y / \  + sgn(b)w2)j (i = 0 , 1 , 2 , 3,4; jf = 0 , 1) should 
be zero such that we obtain a set of over-determined 
algebraic polynomials with respect to the unknowns
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Fig.7 Fig. 8

Fig.9 Fig. 10

A, b, Ao, Ai, B i, ao, a\, b\. By solving it and using 
(29), we can obtain solutions of (2).
Case 1: Kink-shaped Soliton Solutions

k
u\ =v \  = — tanh(fc;r — 2 k3t + c), (30)

The property of (30) is similar to (21).
Case 2: Singular Soliton Solutions

k
U2 = V2 = -  coth(hx — 2k3t + c), (31)

The solutions (31) is similar to (22).
Case 3: Bell-shaped Soliton Solutions

« , = , 3 = ± ^ s e c h ( W ( : + c ) , i  = V = i .  (32)

The solution is a complex bell-shaped soliton. We 
give a plot of |«31 = ^-sech(kx + k3t + c) in Figure 7. 
Case 4: Singular Soliton Solutions

k
u4 = V4 = ± —csch(kx + k3t + c), (33)

Figure 8 shows a plot of the singular solution (33) 
with k = 2, c = 0.
Case 5: Combined Soliton Solution 

k
us = V5 = -[tanh(fcx + k3t + c) (34)

+ i sech(kx + k3t + c)], i = \ f —\.

The solution is complex. It is clear that \u$ \ =
Case 6: Combined Singular Soliton Solution

k
w6 = V(, = -[coth(fc£+fc3t+c)+csch(fcx+fc3t+c)], (35)

Figure 9 shows that the solution (35) is a singular 
solution.
Case 7: Periodic Solution 

k
u7 = vi = -  -  tan(kx + 2k3t + c), (36)

Case 8: Periodic Solution 

k
u% = v% = ±  -  sec (kx — k t + c), (37)

i.2<

8

4
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Case 9: Periodic Solution

k ,  ■, 
ug =  vg =  -~[tan(kx — k t + c)+sec(kx — k t+c)],

(38)

Figure 10 shows a plot of the periodic solution (38) 
with k = 2, c = 0.

4. Conclusions

In summary, we have obtained eight families of ex­
act solutions of the coupled potential KdV equation 
and nine families of exact solutions of the modified 
KdV-type equations by using a Riccati equation, the 
generalized transformation (9). These solutions con­
tain new kink-shaped soliton solutions, bell-shaped 
soliton solutions, periodic solutions, rational solu­
tions and singular soliton solutions. The figures of 
the obtained solutions clearly reflect the properties of 
the solutions. The singular solutions develop a singu­
larity at a finite point, i. e., for any fixed t = to, there
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