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Exact solutions of nonlinear evolution equations (NLEESs)in soliton theory and their applications
are studied. A powerful method is established to search for exact travelling wave solutions of
NLEEs. We chose the coupled potential KdV equation and modified KdV-type equations presented
by Foursov to illustrate the approach with the aid of Maple. As a result, eight families of exact
solutions of the coupled potential KdV equation and nine families of exact solutions of the
modified KdV-type equations are obtained, which contain new kink-like soliton solutions, kink-
shaped solitons, bell-shaped solitons, periodic solutions, rational solutions and singular solitons.

The properties of the solutions are shown in figures.
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1. Introduction

As is well known, searching for new exact solu-
tions of new nonlinear evolution equations (NLEEs)
is an important subject in soliton theory and its appli-
cations since the solitary wave phenomena observed
by Scott Russell in 1834 [1]. Early in the study of
soliton theory, the main attention was payed to the
(1+1)-dimensional cases with few components, such
as the KdV equation, Burgers equation, Boussinesq
equation, etc. [1,2]. But nonlinear evolution equations
of many nonlinear phenomena contain more compo-
nents and dimensions. Many nonlinear soliton equa-
tions in (2+1)-dimensional space, such as the gener-
alized KdV equation and the Nizhnik-Novikov-Vese-
lov equation were presented [3, 4]. Multi-component
nonlinear evolution equations also were found [5].

More recently, by using the generalized symmetry
method, Foursov [6] had derived eleven previously
unknown classes of integrable equations. The inte-
grable coupled potential KdV equation
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and the modified KdV-type equations are
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2 2
Vt = Vgzz — IUVzp + 30V, — 3u,v, +30; + 30"y,
9 2
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When v = 0, (1) and (2) become the five-component
equation

Ug = Upzr + UULL + 3ui + 30t u,.

The exact travelling wave solutions of the systems (1)
and (2) are still unknown. The aim of the present paper
is to improve the extended tanh-function method [7, 8]
and of our previous method [9 - 11], and to use it for
exact solutions of (1) and (2) with the aid of Maple.
That is to say, we solve the Riccati equation with
a parameter to express solutions of the systems (1)
and (2).

The extended tanh-function method [7, 8] is as
follows:
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For a given nonlinear partial differential equation
(PDE), say in two variables, one has

F(u7ut7uzyuz.r"')=0' (3)

If we consider a travelling wave solution of the form
u(z,t) = u(€), £ = x — At + ¢, then (3) reduces to an
ordinary differential equation (ODE). The next step
is to look for a formal solution

m
u(§) = Zai-wi =q+aqw+...+a,w™, (4)
i=0

where w = w(§) satisfies the Riccati equation
dw/d€ =b+w? (5)

where A\, b, a;(z =0, 1, ..., m) are parameters. The pa-
rameter m can be determined by balancing the lin-
ear term of highest order with the nonlinear term
in (3). Substituting (4) into (3) yields a set of al-
gebraic equations of A, b,a;(i = 0,1, ..., m) because
all coefficients of w® have to vanish. From this set of
equations, A\, b, a;(i =0, 1,...,m) can be obtained. In
addition, we know that the general solution of (5) is

wy — v/—btanh(v=b¢),
wy = —v/—bcoth(v/—=b¢), b < 0;

wy = Vhtan(Vb€), ws = —Vbeot(VbE), b > 0;
w= . b=0 (6)
& '

The solutions obtained by using this method are of
the form, for example, ag +a; tanh(k€) +a; tanhz(kf)
+.... However a solution in the form asech(k€) of the
mKdV equation is not obtained by using this method.

Recently we presented a method [9] in which only
the second step is different from the above method,
i.e., we searched for the solution

w(®) =Y w [Aiw+ B/ (1 + pauwd)]+ Ao,(7)
i=l1

where w = w(€) satisfies a Riccati equation

dw/d€ = R(1+ m)w?, puy=+1,uo=%+1. (8)
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Equation (8) has the general solutions
w) = tanh(RE), w; = coth(RE), uy = —1,
wy = tan(RE), wy = — cot(RE), pua = 1.

Except for the rational solutions, the solutions ob-
tained by our method contained all other ones ob-
tained by the extended tanh-function method.

To overcome the disadvantage of the two methods,
we would like to improve the ansatz (4) or (7) as
follows:

u(€ =Y w ' [Aw+BiV/1+sgn(byw?]
=1

+ Ao+ > D€, 9)

7=0

where Ao, A;, Bi(i = 1,...,m),D;(j =0,1,...,n) are
parameters to be determined. It is easy to see that
when B; = D; =0, the ansatz (9) just becomes Fan’s
ansatz (4). However if B;D; # 0, we may obtain
new solutions that can not be found by using Fan’s
method [7, 8]. In what follows, we will apply our
method to the systems (1) and (2), which will show
that our method is more powerful to obtain more types
of exact solutions containing soliton solutions.

2. Eight Families of Exact Solutions of System (1)

For the given system (1) we consider travelling
wave solutions u(z,t) = u(f), v(z,t) = v(€), £ =
x— At+c. Then system (1) reduces to a set of ordinary
differential equations

" +3uu’ — 3vu’” + 3u'? + 3uu — 6uvy’
+30%u + 2\ =0,
0" = 3un” + 300’ + 307 + 3ut’ — 6uw’
+30%0 + \' =0, (10)
where \ is a constant to be determined later and c is
an arbitrary constant.
We suppose that the system (10) has solutions of

the form

u =A40+‘411L‘+D]£. v =a0+a1w+d1§.

(1)
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with w = w(§) satisfying (5) and where A, A,, Dy,
ao, a1, dy are constants to be determined later.

With the aid of Maple, substituting (11) into (10)
along with (5) and collecting all terms with the
same power in &wl(i = 0,1,2;5 = 0,1,2,3,4),
yields a system of equations for £'w’(i = 0,1,2;j =
0,1,2,3,4). Setting the coefficients of &'w’(i =
0,1,2;5 = 0,1,2,3,4) to zero yields the following
set of over-determined algebraic polynomials with
respect the unknowns A, b, Ay, A, D, ag, a;, and
d, namely

641+9A7 —6a, 4, +343 —6a,A2+3a2 A, =0, (12.1)
6A;D; — 6d A, +6AID| — 6A,(Ad; +a, D))

+6A4,a,d; =0, (12.2)
6A9A| — 6a9A; +649A} — 64 (Aga; +agA,)

+6apa; A; =0, (12.3)
6A0A1 D —6A4,(Agd,+agD)+6aod A} = 0, (12.4)
8bA| + 12bA] — 6ba; A; +64,D; +3A}A,
+3A3(A1b+ D)) — 6AgagA; — 6a14,(bA; + D))

+3ajA; +al(bA; + D))+ XA, =0, (125)
6bA Dy — 6bAd; + (bA, + D))

(341D +3a,d, —6A,d; —6a, D)) = 0, (12.6)

3D{A, +3d3A, — 6d,D A, =0, (12.7)
6bAgA; — 6bagA; +(A1b+ D))

'(6A0A1 +6a0a1 —6A0a1 —6a0A1) = O, (128)

(3D} +3d} — 6d,Dy)(bA; + Dy) =0, (12.9)
(6A0D1 + 6a0d1 — 6A0d1 + aoDI)
-(bA;+ D)) =0, (12.10)

20%A; +3(b*A% + D} +2bA, D))
+(bA,+D))(BAj+ai—6apAg+)) =0, (12.11)

6a1+9a3 —6a;A,+3a3 —6A4,a%+3A%a; =0, (12.12)
1 1 ] 1

6a;d, — 6D A; +6a3d, — 6a;(a; D, + A,d))
+6a; A D, =0, (12.13)

6(10(11 = 6A0a1 + 6(100,% = 6a1(a0A1 + A()al)

+6AOA10,1 =0, (12.14)
6a0a1d1 -6a1(a0D1 +A0d1)+6A0D1a1 = 0, (1215)

8ba; + 12baf — 6bA,a; + 6a,d) +3ala,
+ 3a%(a1b+d1) — 6agApa; — 6a A (ba; +d))
+3A45a; + Af(bay +d)) + Xa; =0,  (12.16)
6bad, — 6ba; D, + (ba; +d,)
-(3a1d+34,D,—6a,D,—6A,d)) = 0, (12.17)
3d}a; +3D%a; — 6Djaja; =0, (12.18)
6baga; — 6bAga; + (ajb+d;)
(6aga;+6AgA; —6agA; —64pa;) = 0, (12.19)
(3d? +3D? — 6D, dy)(ba, +d;) =0, (12.20)
(6a0d;1+6 A9 D —6ao D +Agd)(bai+d;) = 0, (12.21)
2b%a; +3(b*a? + d? + 2ba,d))
+(ba; +d;)(3ad+ A3 — 6ap Ao+ ) = 0, (12.22)

for which, we have
4b
ag = AOyal = Al = _27/\ = _4b7dl = Dl =i ?)(13)

CL()=A(), a) =A1 =—2, /\=4b, dl =D1=O, (14)

a0=A07 al=A1=_27/\=dl=Dl=O7 (15)
A
Go=a1=M4=b=0,d=D,=~3, (16)
a0=al=d1=Dl=Oa AO'-T/Ov Al=_17
A=b—3A43 (17)

ap=a;=Ao=d; =D, =0, A; =-2, A=4b. (13)

Thus we obtain the solutions of system (1) from
(6-8),(11)and (13 - 18).
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Fig.la

Fig.2a

Fig.3
Case 1: Kink Solitary-like Wave Solution
w; =v; =2V —btanh v —b(x + 4bt + ¢)
4b
+ ?(r+4bt+c)+.40, b <O0. (19)

Figure 1a shows a plot of the combined form of the
kink soliton solution and the plane z — 4t = 0 with
b= —1,c = Ay = 0. Figure 1b shows that, when
the ranges of = and ¢ become greater and greater, the
solution u; approximates the plane —3(z — 4t) = 0.
The behaviour of v; is similar.

Fig. 1b

Fig. 2b

Fig. 4
Case 2: Singular Solitary-like Wave Solution
uy = vy =2V —bcothv —b(x +4bt + ¢)

+ 43—b(r+4bt+c)+A0. b < 0. (20)
Figure 2ais a plot of (20) and shows a singular soliton
solution b = —1,¢ = Ay = 0. Figure 2b shows that,
when the range of = becomes greater and greater, the
solution u; approximates a plane with some holes
(singular points). The solution develops a singularity
at a finite point, i. e., for any fixed t = £, there always
exists an r = r( at which the solution blows up.
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Fig.5

Fig. 6

Case 3: Kink-shaped Solitary Wave Solution

u3 = v3 =2V —btanh vV —b(x — 4bt + ¢) + A,
b< .

@

Figure 3 shows a kink-shaped soliton solution (21)
withb=—1,¢= A9 =0.
Case 4: Singular Solitary Wave Solution

ug = v4 =2V —bcoth v —b(z — 4bt + ¢) + Ay,
b<O.

(22)

Figure 4 shows a singular soliton solution (22) with
b=—1,C=A0=0.
Case 5: Periodic-like Wave Solution

us = vs = —2Vbtan \/I;(x +4bt + ¢)

4b
+ —3—(:1: +4bt+c)+ Ag, b > 0. (23)

Figure 5 shows a plot of a combination of the periodic
solution —2 tan(z + 4t) and the plane 3(z +4t) = 0
withb =1, ¢ = Ap = 0. It shows that there exist many
singular points, i. e. that us is a singular solution. At
these singular points the solution blows up.

Case 6: Periodic Wave Solution

ug = ve = —2Vbtan Vh(z —4bt+c)+ Ao, b > 0. (24)

Figure 6 shows a plot of the periodic solution (24)
with singular points.
Case 7: Rational Fraction Solution

2

uy=v7 = E+A0, (25)

Case 8: Rational Solution

ug = vg =—§(a:—/\t+c)+A0, (26)

3. Nine Families of Exact Solutions of System (2)
If we make the transformation
u(z,t) =u(), v(z,t)=v(), E=x—At+c  (27)

where A is constant to be determined later and c is an
arbitrary constant, then system (2) becomes

"+ 3uu” — 3vu” +3u? — 30V + 3uu
— 24uvu’ + 30U’ — 1200 + 6uvy’ + M\’ =0,

V" = 3w’ + 30v" — 3u'v’ + 30 + 3uP’ + 6uvy

— 12v%' — 24w’ + 302" + M\’ = 0. (28)
If (28) has the form solution
u= Ag+ Ajw + By/1+sgn(byu?,
v = ag+a1w+biy/1+sgn(b)u?, (29)

then w = w(§) is satisfying (5) and Ao, A;, By, ao,
ay, by are constants to be determined later.

With the aid of Maple, similar to system (1), substi-
tuting (29) into (28) gives rise to a set of equations for
wi(y/1 +sgn(b)w?)’ (i = 0,1,2,3,4;5 = 0,1). Be-
cause they are linearly independent, the coefficients of
wi(y/1 +sgn(b)w?) (i =0,1,2,3,4;5 =0, 1) should
be zero such that we obtain a set of over-determined
algebraic polynomials with respect to the unknowns
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Fig.7

Fig. 8

Fig.9

Fig. 10

A, b, Ay, Ay, By, ag, ay, b;. By solving it and using
(29), we can obtain solutions of (2).
Case 1: Kink-shaped Soliton Solutions

k
u =v) = 3 tanh(kz - 2kt +¢), (30)
The property of (30) is similar to (21).
Case 2: Singular Soliton Solutions
k 3
U =Vp = 7 coth(kx — 2k°t + ¢), 3

The solutions (31) is similar to (22).
Case 3: Bell-shaped Soliton Solutions

k
uz=v3= :tzisech(kr+k3t+c), i=v—-1.(32)
The solution is a complex bell-shaped soliton. We
give a plot of |usz| = @sech(kr +k3t+c) in Figure 7.
Case 4: Singular Soliton Solutions

Uy = Vo = :tgcsch(kr +kt+o), 33)

Figure 8 shows a plot of the singular solution (33)
withk=2,c=0.
Case 5: Combined Soliton Solution

k
Us = vs = Z[tanh(kr +kt+0) (34)
+isech(kz +k*t +¢)], i = v—1.

The solution is complex. It is clear that |us| = %L
Case 6: Combined Singular Soliton Solution

k
g = vg = Z[coth(kxv+k3t+c)+csch(k;r+k3t+c)], (35)

Figure 9 shows that the solution (35) is a singular
solution.
Case 7: Periodic Solution

U7 =17 = ——}25 tan(kz + 2k>t + ), (36)
Case 8: Periodic Solution
k 3
ug = vg = if sec(kxr — k't +¢), (37)
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Case 9: Periodic Solution

k
Ug = Vg = — Z[tan(kr —k*t + ¢)+sec(kz — kt+c)),
(38)

Figure 10 shows a plot of the periodic solution (38)
withk =2,¢=0.

4. Conclusions

In summary, we have obtained eight families of ex-
act solutions of the coupled potential KdV equation
and nine families of exact solutions of the modified
KdV-type equations by using a Riccati equation, the
generalized transformation (9). These solutions con-
tain new kink-shaped soliton solutions, bell-shaped
soliton solutions, periodic solutions, rational solu-
tions and singular soliton solutions. The figures of
the obtained solutions clearly reflect the properties of
the solutions. The singular solutions develop a singu-
larity at a finite point, i.e., for any fixed ¢ = ¢, there
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